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Abstract

The solution of the Schrédinger's equation for an electron orbiting a nucleus leads us to the emission of gravitomagnetic
photons when the gravitational potential is also taken into account. In four dimensions, the Minkowski metric 7}::-= diag
(+1,—-1,—1,-1) leads to thel6-dimensional Clifford algebra C(1,3), Dirac's equation [1] is using four of these 16 matrices that
form a basis of this algebra, a new operator is defined using all of these matrices and also generalized for a curved space.
This new multilevel operator generalizes the Dirac's equation, the value of the generalized Dirac's operator is calculated in
the Schwarzschild's metric. The torsion tensor is calculated taking into account the non-symmetric part of the metric tensor
in the vanishing of its covariant derivative and applied to Kerr's metric generalizing the Clifford algebra. Geodesic equation,
conservation laws, torsion tensor and Einstein field equation are obtained in a non-symmetric geometry.

KeYWOl‘dS: Schrédinger Equation; Gravitomagnetic Photon Emission; Gravitomagnetic Tensor; Gravitational Magnetic Field;
Energy-Momentum 1-Form; Clifford Algebra; Dirac Equation; Dirac Operator; Gravity and Quantum Mechanics Unification;
Multilevel Operator; Schwarzschild's Metric; Torsion Tensor; Rearranged Kerr's Metric; Generalized Dirac Equation; Generalized
Clifford Algebra; Generalized Einstein Field Equation; Generalized Geodesic Equation; Conservation Laws; Non-Symmetric

Geometry

Introduction

Dirac's equation is the relativistic wave equation derived by
physicist Paul Dirac in 1928. The wave functions in the Di-
rac theory are vectors of four complex components (known
as bispinors), two of which resemble the Pauli wavefunction
in the non-relativistic limit, in contrast to the Schrodinger
equation which described wave functions of only one com-
plex component.

Dirac's operator is just the tip of the iceberg, the tip of a gen-
eralized operator that is obtained by operating on all mem-
bers of the Clifford algebra basis and not just on four of them.

The Schwarzschild's metric is named in honour of Karl
Schwarzschild, who found the exact solution in 1915 and
published it in January 1916, a little more than a month af-
ter the publication of Einstein's theory of general relativity.
It was the first exact solution of the Einstein field equations
other than the trivial at space solution. Schwarzschild died
shortly after his paper was published, as a result of a dis-
ease he developed while serving in the German army during
World War I. Johannes Droste in 1916 independently pro-
duced the same solution as Schwarzschild.

Schwarzschild's metric is an exact solution to the Einstein's
field equations that describes the gravitational field outside
a spherical mass, on the assumption that the electric charge
of the mass, angular momentum of the mass, and universal
cosmological constants are all zero.

The new generalized Dirac's operator, the multilevel opera-
tor, is calculated in the Schwarzschild's metric, torsion ten-
sor and new gravitomagnetic tensor appear in level 2, curva-
ture tensor appears in levels 3 and 4.

The Kerr's metric is a generalization to a rotating body of the
Schwarzschild's metric. The Einstein field equation relates
the geometry of spacetime to the distribution of matter with-
in it. The equations were published by Einstein in 1915 in
the form of a tensor equation which related the local space-
time curvature with the local energy, momentum and stress
within that spacetime expressed by the stress-energy tensor.

Gravitomagnetic Photon Emission

An electron is orbiting a nucleus with Z protons, we know
the energy levels from the solution of the Schrédinger equa-
tion[2], where M, is the proton mass, 1, is the electron
mass, M is the 2 -body reduced mass, e is the electron charge,
1 is the position of the electron relative to the nucleus, the
potential term is due to the Coulomb interaction wherein £
is the permittivity of free space and 1y is the mass of the
nucleus.

mpymg
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En = ~ Gmegiaion 3)
Ey=— i @)
Cn = :hiﬁ (5)
E,=—C,k* (6)
with ¥ = ke now adding the gravitational potential V{r) = — % — w =— % — % =— ”{E?igj = —; (7
And from equation (6)

Ep=—Cn(kZ+ 2k, +k2) (8)
En=—CnlkZ+kky+ k2 +k k,) ©)
Ef = —C, (k2 +k.k,) (10)
Ey = —Cn(kG + kgk, (11)
E,=E{+E] (12)
hvg = (€] — CE) (k2 + kokg) (13)
hvy, = '[C;-{ - CL:}{F-{; + 'E':g'i':a} (14)

From equation (14) 1‘f is the frequency of the gravitomagnetic photon emitted from the initial energy level to the final en-
ergy level. This emission leads us to the gravitomagnetic tensor. Gravitational magnetic field generates the extra force needed
to explain the anomalous behavior of pendulums observed during a solar eclipse, the Allais effect [4] and also explains the
dark matter effect without exotic particles never detected. Gravitational magnetic field is also derived from Special Relativity
force transformations [5], when velocities point to the same direction a repulsive gravitational magnetic force is induced.
Gravitomagnetic tensor will appear below in equation (44) at level two of the generalized Dirac equation D'?

From equation (13) V' is the frequency of the electromagnetic photon emitted from the initial energy level to the final
energy level. The correction of the second term is an indirect detection of the gravitomagnetic photon emission

(4megihc (15)

Z%e* et 1 3
E=——"—r——1I1+ —-—
(4megh22hind n = 4n

In equation (16) we have the energy levels from the solution of the Dirac's equation [3]. The first term is the solution of the
Schrodinger equation that we have seen above in equation (6) and the second term is the relativistic correction

pZte* EFlaf 1 3
E:lz_:l'z_f Py 1
(4meg)?2hIn® n J+- 4n

(16)

(17)
___wt 13
E:'z_:l' T apaniot (}'+§ 4:-:) (18)
__ ¥ L2
Cny = ahdnE ot (_;.'+§ 4::) (19)
E:-z_;l' = _C:z}'k4 (20)
a3
E?!.J' = _Cu_;l'{'i':a + 'i!':g} (21)
;= —Coy(k2+4k3k, + 6k2KE + 4k K2 + k) (22)
Epj=—Coj(kd + 2Kk, + 3K2k2 + 2k kG + ki + 2k 3k, + 3k2k2 + 2k k) (23)
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ES; = —Cpjl(kd + 2Kk, + 3K2K2 + 2k iF) 24)
By = —Coj(kG + 2Kk, + 3KZK2 + 2k k) (25)
Eynj=En; +Ey; (26)
hve; = (] - CL, )i + 2k3k, + KRG + 2k K 27
g, =l —CL, ) (kG + 2K3k, + 3k3K3 + 2k k3 28)

e
From equation (27) Vyj is the relativistic correction of the electromagnetic photon emitted from the initial energy level to

g
the final energy level and from equation (28) V; is the relativistic correction of the gravitomagnetic photon emitted from
the initial energy level to the final energy level.

Multilevel Operator D™

We are using Pauli matrices 7, electromagnetic four-potential Ay and chargeewithl =c =1

1 0 /01 0 =i 41 0
=g 1) “_1_(1 {]) “_3_(1 {]) gﬁ_(ﬂ —1)
_ (0 @ _ (o 0 (29)
“= (o— ﬂ) r= 0 o‘)
In four dimensions, Minkowski's metric 7,,, = diag(+1,—1, —1,—1) leads to the Clifford algebra
C(1,3)[6], {y* ¥V} = 2n*" % L4..4, Dirac matrices yl=0s @1
y/ =i0: @ 0] = 1,2.3;¥% = —iy** = -1y Oyty?y?
pr=y0ylyS =y lys =yOiyT = ylylyt =y Yy =y3y? (30)
PO = pOply2 Pl = 0Ly 3 12 = 0L 203 13 = 10,203 014 001,23
Multilevel operator D™ acts on level 11, 11 is the number of ¥ matrices in the product of the algebra members, for example,
D3 acts on }fmj }’11;}’1: and },13. Total multilevel operator pml —p® 4 ply p24+ D34+ D'*, the action of DB on the

spinor function vanishes D™y = (31)
D= —m (32)
D' =ykp, —iey 4, (33)
D? = —tey Y Fuy yith B = Ay — Avy (34)
D? = —jeaE + eEH (35)
D% = —iey*y*Y* Fuus vith Fuvs = Auw 6 —Aus v =0 (36)
D* = —iey*y Yoy Fusa yipy Fevsd = Apwn 6,4 — A0, 4,6 =0 (37)

Multilevel operator D ™! '[Thuu Ay, e:} can be generalized for a curved space with four-potential P, field charge 4 and co-
variant derivative[7] I[; u } instead of derivative '[J H:} in the definition of Py

D™ g,,, B, q)¥ =0 (38)
{rey } =2g" x1 (39)
D= —-m (40)
D! =y#p, —iqy*F, (41)
D? = —iqy*y" Guy vyith Guv = Buw = B (42)
Guy(P) = By = By = Biy — By + BT (43)
Gy (P) = B, (P) + B,TE, (44)
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D? = —iqaE(P) + qZH(P) — aq }f“ "P.TE (45)

For gravity o (P); is the new gravitomagnetic tensor. T is the torsion tensor [8]

D3 = —iq‘}f""!}-’v}-’aﬁw,g with G,um" = P,l_,!:v:ﬂ-" - P,u:a-":v (46)
Guvs(P) = Fy R:ervé with pr.s the Riemann-Christoffel tensor [9] (47)
D? = —iqy°y'y*FRgyy — iqy °y 'y *FaRgys — iy "y Py *FaRGys — iqy vy *FaR g (48)
D* = _il'-?}"l"!}"P}"a}"AGwsé.l with G,-_,wa",l = P,l_.e:v:é:d - P,'.,e:v:.l:é (49)
G,I.WEA{:P} F; R,l_md + P R1 &4 (50)
D* = —iqy°y'y*y*Pa;1 Raz — iqy°y vy * PoaR 123 (51)
Gravitomagnetic Tensor Defined in Schwarzschild's Metric
Weareusingx” = t,x' =r,x% = 6,x* = ¢ with G = ¢ = 1, this metric is defined by [10]
b b -1
ds = (1 — _;-_) dt? (1 — —w) d? 2 —r?df* — risin® Gdgh> (52)
2M 2M , 2 . o
Ooo = (1 ——) 1 = — (l - —) v G2z = —T",g33 = —r-sin- & (53)
g% = (l _—T) __ (l _ _) g% = —r2,g%% = —p~25in"2g 54
Too = GooMr 2 (55)
Io1 = Gop Mr™* (56)
I = —gpoMr~? (57)
5 =05 =rt (58)
I3 = —goo? (59)
I = cotf (60)
Tk = —ggorsin® 6 (61)
Faja = —sinfcos (62)
{rty ) =2g" x1 (63)
—1;:
([] —I) (64)
; 12 (0 -
1 1/2 1
V= "800 (—o‘l 0 ) (65)
2 _ _T—l( 0 53)
ye= —oy 0 (66)
3 _p—lain—1 0 o3
pe=—r"-sin"*8 o O (67)
9
D? = imaE(P) — mEZH(P) + im= }x#},vPRTw, from equations (44) and (45) (68)
. J-.'— . —
G2 = —H3(P) = (_QDD ){-_T (P2 —Pyy) (69)
613 = Hy(P) = (—ggp ) (—r~1sin™16)(Py5 — P3y) (70)
G:a = _HJ_{P} = {__']'1_1}{:_?1_15111_1 3}{1}:}3 - PE,.:} (71)
: -1/2
Goz = —E3(P) = (g5,"% ) (= *sin™2 8)(By3 — P3) 72)
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Goz = —Ez(P) = (Q;;;:) (—r)(Py2 — Pyo) (73)
Gor = —E1(P) = (Q;;“:)(—.Qéa:) (Pox —Puo) (74)
Tiv =0and Rgy; = RGj3 = Rgog = Rip3 = 0 (75)

Energy-momentum form is a 1-form [11]

p = Edt —p,dx —p,dy —p-dz

(76)
dpisa2-form
G=dp=FEdindx+E dtndy+ E.dt Adz — B.dyAdz— B, dzAdy — B.dxAdy (77)
G320 = Pzy — Py (78)
(13 = Prz — Pz (79)
Ga1 = Pyx — Pay (80)

Comparing equations (69-71) and (78-80) we can infer
P.=p, (81)

D% is related to the scalar 0 -form m, D 1is related to the Energy-momentum 1 -form, D Zis related to the Electromagnetic 2
-form, D3 is related to *J3-form [12]

* J123 P

* Joz3 _[

*Jo13 Iz

* Jo12 B! (82)
D#is related to L4-form [13]
L = Ll}lfﬂ dxu M dxla""; d.'x-': M d.'x-'a (83)
yP = —iy1*is the proyector matrix, historically ¥5, but pE =yl

B 01,203 (TN 42N e gy g gy (00 = 84
¥ ir®rr2r® = (900" ) (—g0p ) (—r~H)(—r~1sin }(_f ﬂ) (84)

Torsion Tensor in A Rearranged Kerr's Metric

We are using ¥%=1t,x1 =r x* =8 1% = ¢, Mis the black hole's mass and a is the angular momentum per unit mass
with & = ¢ = 1. The invariance of the length of vectors under parallel transport means that the connection is compatible
with the metric, it is a metric connection, the requirement of the preservation of the length by parallel transport may be
stated as [14]

Guvie =0 (85)
Guvie = Gpve ~ Javlie — Gualic (86)
0= guvo = Gvalye — tan o — Guelve, with Ly = Guv — vy (87)
0= guve = Gvalie — tanlyo — Gpalve (88)
Gualie + Gvaliiz + tenlis = Qo (89)
Love + Do + tan8™ e = Juve (90)

Solving these equations we get the torsion applying its definition [15]

F,l.w:? - r,l,z:?v = _T,'.H-':F (91)

Expanding the line element in powers of »~1 and examining the leading terms [16]

Zsin? 6 + G{:‘.r":}] dtdg — [1 + 0(r~1)][dr® + r2de? + r2sin? 8de?] (92)

”

M

ds? = [1-Z+ 0(r=2)]dr? +|

&

Rearranging the line elements
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ds? = [1 - 2%“ + G{r‘f}] dt? + [0(r~2)]dtdgp + [LhiM sin® B] dedt—[1 +0(r~1)][dr® +
r2df? + risin® 8dg?] (93)
oo = [1 - :?—w + G{}.r"f]] (94)
goz = [00r™?)] (95)
g =-[1+0("1)] (96)
G2z = —[1+0(r 1)]r? 97)
g3z = —[1+0(r~1)]r*sin*8 (98)
G30 = [4’:—” sin® 5‘] (99)
tos = [0(r~2)] - [4’:—“ sin 3] (100)
9% = 933(900033 — Goa930)* (101)
9% = —g03(G00932 — Go3g30) ™t (102)
gt = g1y (103)
2 =gy (104)
9*® = —g30(g00933 — Jo3g30) ™" (105)
9*° = 900900933 — Goz830) " (106)
Generalizing Clifford algebra with a::jf,if [ Fvand g pr Othen 1 ,else (]
ey l=g"+ g - H"’"ﬂﬁff - 3"“555" (107)
y® =[1+0(r 1)1 rsinB(googss — Gosgan) > ([j; _ﬂf) (108)
yr=tt+oeur2( 0 %) (109)
yi=[1+o00 ]2t (—?:: T]:) (110)
y? = [l - :'J_'.»: + G'[:T_:]]L_ (go0gsz — Gozg30) > (—??3 f:']a) (111)
D? = imaE(P) —mEIH(P) + 1’111% ¥y T3, from equations (44) and (45) (112)
Fo=-Hy(P)=([1+ 0G0V ([1+ 0] V2r—1) (P, — Pyy) (113)
Fs = H.(P) = ([1 + 0(r—1)]71/2) ([1 - :'J_'.»: + G'[:T_:j'] o (goog3s — Qnagaﬂ}_i’f:) (Ps - Ps1) (114)

R 949 ’ 21 o iz 919
Fo3 = —H (P) = ([1+ 9'[.1"_1}]_1"?‘_1}([1 - Tw + G{.T‘_‘}] (900933 — QDEQED}_l“') (P23~ P;,) (115)

FI}E = _EE {P] = ([l + G{T‘_l}]j"’l’:?‘sillH{EDQQ"EE - angag}_l'ﬁ:}([l — ::—w + G{:T‘_:}]lf_ {nggag -
Go3g30) 4> }{PI},E - Pa,u} (116)
Foz = —E2(P) = ([1 + 0G~)]*2rsin6(googzz — goagae) 2} ([1 + 0] 2r~1)(Po2 — P,p) (117)
For = —Ey(P) = ([1+ 0~ D)]Y?rsin6(googaz — Goagze) Y2 )([1 + 0G~172) (Pyy — P o) (118)
yP = —iy1*is the proyector matrix, historically = but ye=yly2

y? = =iy ty?y® = ([1 + 0(r~]Y2rsin6(gopgas — Goaga0) ) ([1+ 0~ DI V2)([1+

roo__ — S —_ :J'l’f S | 1..": r — I ﬂ _jl'
o= 2r l}([l—j‘i' o(r '3'] (90033 — Go3g3o) l“')(_f ﬂ) (119)
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Geodesic Equation and Torsion Tensor

A geodesic that is not a null geodesic has the property that f g5, taken along a section of the track with the end points P
and (}, is stationary if one makes a small variation of the track keeping the end points fixed. If dx# denotes an element

along the track [17]

ds® = g, dx*dx”

2dsd(ds) = dx*dx"8(g,,) + 9,,6(dx*)dx" + g, dx*(dx")
2dsd(ds) = dx*dx” g,,10(x*) + 2g,2dx*8(dx?)

8(dx?) = dé(x") and dx* = vids

) 1 déx?
S — = TS U | :ll'-‘!—]
[ 8(ds) J"[:g“wlr, vVEx® + guav - ds

By partial integration with x* = 0 at end points P and Q, we get
1 d
- _ 1 g _ 2 wy] sa-d
”J‘ds“J1[:3#mA” v ds(ﬁ#i” }]Gx ds
s . . . . |
The condition for this to vanish with arbitrary 8% is
d 1
- {QM ’-’“} -3 3#1«1 viut =0

_{g“‘lun’-’!} g,b!.jl + g,'..!j.ﬂ-'!'”u [_:l'I

dL

_{g,-.,e.i”“} J?.-l,l..e r./l,u d= + {3#:1.1*"'31%,'.4}”“ v, and with t,u;l =8uid — Gap
dz,"‘ dwH R

_{9#-1”#} Gap—_ — b ds +3 '[9:1#,1*"'3‘11* }"’H”] +2 '[tva‘i' tP-’LH:“’JHLﬂ

From equatlon [126) with £, 0 = Guvid — Gupa

1
{:g“"l[_:uu:} 31-',',!_..-1[',# L —— ,1_41*,:1['1# ¥ =10
Thus the condition (102) becomes

dokt dvk = T : TR
Gip— o —tj_#—ds +I:1w*” (E] —l}_w,u v¥ =10

- 1
I:l,uv = E{gjl,u,v + Gavpu — gv,u,.l}

- 1

Biav = 3 (B + v = tpa)
Multiplying equation (131) by Q‘F"l we obtain the geodesic equation
dv

By _ Led ekl & v _ e v
P t‘,m 3 + 1';“, vy 1" vHErY =10
dv?
8Y _ aod == & v —

4 t‘i# + Lovkivy=10

T — o o
Lo = Pw* - I‘#,,

I"Mf, are the Christoffel symbols of the symmetric part, so

ek Ilﬁ, EEL =05 -+ Ilﬁ, T'@
0= 115, E‘L + l'lﬁ, 1"1‘7.._4
We directly obtain the torsion tensor without solving equations (90) and (91)
TS5 = I‘;ﬁ, I}E;

Einstein Field Equation and Conservation Laws

From equation (136) where Fwa are the symbols of the symmetric part
B Gu p

Fv,u rv,u - rv,u

= 1
Ef; = 1—:’:4 = gﬁil—:l,uv = g,u.l E{Q.}lw v+ Gavpu — gv,l..z,..i:l

(120)
(121)
(122)
(123)

(124)

(125)

(126)
(127)
(128)

(129)

(130)

(131)
(132)
(133)

(134)

(135)
(136)

(137)
(138)

(139)

(140)

(141)
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- i » 1
Ei = {.\-'I'__Q] l\-'ll__gﬂ, + Q#AE {3.11!,,!.4 - Qv,u,.l}

(142)
Equation (140) becomes
i _ 1 .
1-‘1:':4 = {_w'll__g} l\-'ll__gﬂ, + Q“A; {in,gz - 31*#,.1} - I:fi! (143)
T e L
Lp=G-9"" -9, -t (144)
1 .
L, = _g'ui; {g.lv,,u - 31*,'.4...1} + 1—‘15:.4 (145)

The vector A¥ has the covariant divergence

B 4M By
A=A, +0,A (146)

(4t +£,47))5 = (44/5),

(147)
If the left-hand side of equation (147) equals zero then the right-hand side gives us the first conservation law.
For the antisymmetric tensor F#v = —FVH
[T T L M ; ;
By =B + PP+ Ly P (148)
HY _ oV iy —ayv-l o —
E, =F, —T,F"+ ({.\- 97~ N-g, tp) FH? (149)
v T ; o — S
{'F;v + TﬂPFm + tPF#p}\" g= {F#‘ N g}m (150)

If the left-hand side of equation (150) equals zero then the right-hand side gives us the second conservation law.

For the antisymmetric tensor F,,, = 4,,.,, — A,,,,
Fov = Ay — Ay T TRAL (151)
'F,;w::? = F,'.H-'_.I:F - ]-—‘,I.AEEF Fo — Ei?ﬁur (152)

— _re _reE
'F"I-'I:F:,'J - 'F"I-'I:F_.,'J Fv,u if r:?,u 'F;Jrr

(153)
Fopw = Fopv — IevFay — LiFoa (154)
Adding equations (152), (153) and (154)
Fuvie + Foout Frury = T Foa + (T845) |+ T Eie + (N5 A + TéFua + (TAL) (155)
From the definition of the curvature tensor pr -
Ripo = Tiop —Thpo +TSTL, ~ TSI, (156)
Rﬁ#p is called the Ricci tensor
R R VR W I‘ﬁ, + I"H";’,ng (157)

Now Rw* is not symmetric, 24, = Rw - R
ric part in the Einstein's equation [18].

v 1S the antisymmetric part and R,,,, = A, + 5,5, where 5, is the symmet-

1
Spv — S Gud = K1,

(158)

211,5!1* = ({\-'I'__g] —11\".'__3’# - t,l_,z) . + ({:\-'I'__g]_ly'l'__gﬂ, - tv) . - T,l.ﬁ*,:r - T,lﬁ* ({\-'I'__g] _1\-'I'__gﬂ - tﬂ’) (159)

2’*,{41* = t,u,v - tv,,l..z - T,lﬁ*,:r - T,lﬁ: ({:\-'l'__g}_iy'll__gﬂ - tﬁ‘) (160)
1 .

R,uv _A,uv _EQWJ{.R_A] = KT,’.H-’ (161)

R,uv - A,l.u* - E.Q,HVR = xTw* (162)
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Conclusions

Multilevel operator I mul {3#1” E,, t]'} has been generalized for a curved space with a general four-potential P. For gravity

Gy (P) is the new gravitomagnetic tensor and torsion tensor T,7, appears in its definition

In a flat space G, (A) = F,,, (4),D % and D4 operators vanish. In a curved space the curvature tensor R:;,g appears in
levels 3 and 4

. (4 . . anl .
The appearance of torsion tensor Ti and curvature tensor Rw;é in multilevel operator 1™ {gw,, B, q:} means that this
operator is a fundamental operator in Quantum Field Theory

}’D; }’1; }’:J }’3, have been calculated for Schwarzschild's metric, then EFP”,

(P), the gravitomagnetic tensor has been obtained
Each D", where 11 is the number of } matrices in the product of the algebra members, is related to an 1n-form

The invariance of the length of vectors under parallel transport requires the vanishing of the metric tensor covariant
derivative, a new term appears in equation (87) with £, = g§,,,, — g, measuring the non symmetric part of the metric
tensor, solving these equations we get the torsion tensor

Rearranging Kerr's metric we obtained ty33 = ga3 — &30 the non symmetric part of the metric tensor, gravitomagnetic ten-
sor has also been calculated generalizing the Clifford algebra

Taking into account the f,,;, = g, — G4 in the geodesic equation we have obtained the torsion tensor, conservation laws
and Einstein field equation in a non-symmetric geometry

The solution of the Schrédinger's equation leads us to the emission of gravitomagnetic photons when the gravitational
potential is also taken into account. The correction of the second term in electromagnetic photon frequency is an indirect
detection of the gravitomagnetic photon emission.
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